An analytic solution for Bragg grating with linear chirp in the form of confluent hypergeometric functions is analyzed in the asymptotic limit of long grating. Simple formulas for reflection coefficient and group delay are derived. The simplification makes it possible to analyze irregularities of the curves and suggest the ways of their suppression. It is shown that the increase in chirp at fixed other parameters decreases the oscillations in the group delay, but gains the oscillations in the reflection spectrum. The conclusions are in agreement with numerical calculations.
INTRODUCTION
Optical filters based on fiber gratings attract particular interest because of their applications in high-speed lightware communications [1] , fiber lasers [2] and sensors [3] . The Bragg reflector is based on periodic modulation of the refractive index along the line [4, 5] . Gratings that have a nonuniform period along their length are known as chirped. The theory of linearly chirped grating holds the central place in the fiber optics. Chirped grating is of importance because of its applications as a dispersion-correcting or compensating devices [6] . The study of linearly chirped grating is also helpful for approximate solution of more general problem of complex Gaussian modulation [7] . The group delay as a function of wavelength is a linear function with additional oscillations. For applications the problem is to minimize the amplitude of regular oscillations and the ripple resulting from the errors of manufacturing [8] .
The purpose of this work is to present and study a solution of the equations for amplitudes of coupled waves in quasi-sinusoidal grating with quadratic phase modulation. The solution of coupled-wave equations is derived in terms of the confluent hypergeometric functions. Their asymptotic expansion in terms of Euler Γ-functions makes it possible to obtain relatively simple formulas for reflectivity and group delay. The simplification enables analysis of irregularities of the curves and suggestions on the ways of their suppression.
The paper is organized as follows. The equations for amplitudes in the grating with quasi-sinusoidal modulated refractive index are derived in Sec. 2. Their analytic solutions are obtained and compared with numerical results in Sec. 3 . The asymptotic behavior is treated in Sec. 4 . Some estimations and qualitative explanations are presented in Sec. 5 . Possible methods to suppress the oscillations are summarized in Sec. 6.
Equations for slow amplitudes
Consider a single-mode fiber with the weakly modulated refractive index n + δn(z). Steady-state electric field E(z) satisfies one-dimensional Helmholtz equation
where z is the coordinate, k is the wavenumber in glass outside the grating, where δn(z) = 0, ω, c are the frequency and speed of light. The addition to mean refractive index may be a function with phase and amplitude modulation. A family of analytical solutions for amplitude modulation was obtained in [9] . Below we treat a case of phase modulation
where θ(z) is the phase, constant β is the modulation depth. Since β ≪ 1 we neglect the quadratic term in (1). The phase is general quadratic function where κ is the frequency of spatial modulation at z = 0, θ 0 is the constant phase shift. The condition of slow phase variation is
Let us introduce complex amplitudes a, b of waves running in positive and negative directions E = ae ıkz + be −ıkz .
Keeping only resonant terms and neglecting the parametric resonance of higher orders at the detuning
we get the equations for coupled waves
where prime denotes z-derivative. Set (6) conserves |a| 2 − |b| 2 , since the signs in right-hand sides of equations are different. The same equations with identical signs conserve the sum of populations |a| 2 + |b| 2 and describe the amplitudes of probability in two-state quantum system. The exact solutions in this case are of importance in quantum optics, then they are studied in details [10, 11] . Within the limits of resonance approximation (5) we replace k in front of exponents (6) by k 0 .
Finding the derivatives of (6) with respect to z we get complex conjugated second-order equations
Here z 0 = (2k − κ)/α = 2q/α is the coordinate of resonance point for the wave with wavenumber k. It is the turning point where the wave with given q is reflected. The parametric resonance for central wavenumber q = k − κ/2 = 0 occurs at z = 0. Let α > 0, then for the red detuning q < 0 we have z 0 < 0, in opposite case q > 0 of blue detuning z 0 > 0. Consider the Bragg grating written in the interval −L z L. The problem of left reflection coefficient calculation is illustrated by Fig. 1 . Boundary conditions are defined by the scattering problem statement. We set amplitude b at the right end equal to zero
and get the reflection and transmission coefficients
The chirp is weak and satisfy (4), then the equations for complex amplitudes are valid when αL ≪ κ.
Note that set (7) is symmetric under transformation α → −α, q → −q, a ↔ b. Then the right reflection coefficient can be obtained from the expression for left one by changing signs of parameters α and q.
Solution
Equations (7) are reduced to the confluent hypergeometric form by the substitution t = ıα(z − z 0 ) 2 /2:
where dot denotes the derivative with respect to new variable t, η = β 2 k 2 0 /2α is the adiabatic parameter. The equation for second amplitude b is complex conjugated. The general solutions at −L < z < L are linear combinations
of the Kummer confluent hypergeometric functions [12] :
F (a; c; x) = 1 + a c
where A 1 , A 2 , B 1 , B 2 are constants and the asterisk denotes the complex conjugation. The solution was obtained in [13] for optical waveguide. The solution for coupled-wave equations with identical signs has been obtained in the context of nonadiabatic population inversion in two-level system [14] .
The relations between constants can be obtained from set (6) near resonance point z = z 0 where
The right boundary condition (8) yields the ratio of coefficients A 1 and
. (14) The left reflection and transmission coefficients (9) can be expressed in terms of confluent hypergeometric functions
where functions u 1,2 are defined by (12) and ρ is defined by (14) . The reflection spectrum, i.e., the reflectivity R = |r| 2 as a function of detuning q, is shown in Fig. 2 (a) . The central frequency of the spectrum comes to resonance at z = 0, in the middle of grating. The central part has a flat top at high adiabatic parameter, as the upper curve shows, and the maximal reflectivity is close to 1. The width of central part is proportional to the length L. The reflectivity is relatively high if the turning point z 0 lies inside the grating |z 0 | < L. This inequality gives the bandwidth |q| < αL/2. There is no parametric resonance at higher detuning, when |z 0 | > L, and the reflectivity is small. Fig. 3 (a) shows how the bandwidth grows up with the chirp parameter α at fixed modulation depth β. The adiabatic parameter decreases with α, then the reflectivity in the center decreases from curve to curve.
The spectrum was recalculated numerically by T -matrix approach. The initial Helmholtz equation (1) was solved numerically with neither approximation of slow envelope, nor quadratic term (δn/n) 2 neglecting. The number of layers per period of spatial modulation was fixed at N = 32, then the step varied along the grating. The spectra for n = 1.5 and the same parameters are shown in Fig. 2 by crosses. The numerical results are very close to analytical, since both dimensionless parameters controlling the validity of coupled-wave approximation are small: β ∼ 10 −3 , αL/κ ∼ 5 × 10 −3 . At higher parameter α the deviation of coupled-wave equations solutions from that of Helmholtz equation increases, but not dramatically, as shown in Fig. 3 (b) . The origin of the deviation is resonance approximation (5). We replace k by k 0 in coupled-mode equations (6), while the Helmholtz wave equation (1) involves k. Comparing Fig. 2 (a) and Fig. 3 (b) we see that the latter involves higher detuning, then the deviation is greater at higher
The group delay found from analytical solution (15) is plotted in Fig. 4 (a) at the same parameters as the reflection spectrum in Fig. 2 . The deviation of curves from the linear dependence, the group delay ripple, manifests itself as oscillations with variable frequency. The frequency grows up towards the blue end of spectrum in agreement with results from [15, 5] . For the negative chirp (or when the incident light enters from the right) the frequency grows up towards the red edge of spectrum. The maximum deviation from the averaged slope decreases with decreasing modulation depth β. Meanwhile, the ripple in reflectivity increases for small β. A fragment of group delay characteristics is shown in Fig. 4 It is difficult to analyze the solution in its general form. In particular the cumbersome expression for group delay, the derivative of (15) with respect to the detuning, is not presented here. Let us simplify expressions using the asymptotics of Kummer functions in the next section.
Asymptotics
The asymptotic expressions for the reflection coefficient can be obtained from (15) in two cases. The first case is the resonance condition at the left end, namely, detuning q = −αL/2 for which z 0 = −L. In this case it follows from (12) that u 1 (−L) = 1, u 2 (−L) = 0, and then from (15) r ≈ e
The other case is when the resonance point z 0 being far from both ends inside the grating: |q| < αL/2 and α(z 0 ± L) 2 /2 ≫ 1. The asymptotic expression of the confluent hypergeometric functions [12] at |arg x| < π
allows one to simplify expression (15) . The reflection coefficient can be written using (12)
where
and we omit terms of the order of 1/αL 2 ≪ 1. The enumerator and denominator of the fraction in the second line of (19) are close to 1, if ψ ± ≫ 1. Then the formula for reflectivity becomes simple
Both curves (17) and (20) are shown in Fig. 5 . One can see their saturation, moreover, when the turning point z 0 = −L, the saturation occurs later than when the turning point is far from both ends.
The group delay obtained from (19) is
where we neglect terms of the order of 1/αL 2 ≪ 1. Expression (21) Fig. 4 (a) displays. Magnified view of the corresponding fragment is also shown in Fig. 4 (b) . If we change the sign of chirp parameter α, then functions ψ ± switch their roles: ψ + ↔ ψ − . Therefore at high reflectivity 1 − R 0 ≪ 1 the spatial frequency of leading oscillations ψ ′ + = 2L + 4q/α decreases towards the shorter wavelengths.
The amplitude of oscillations in group delay (21) increases when R 0 tends to unity, while that in the spectrum decreases. Formula for the reflection inside the bandwidth can be obtained from (19) with the accuracy to the next order of
At high reflectivity R 0 → 1 oscillations (22) are suppressed. The first term in square brackets describes oscillations with frequency 2L + 4q/α, their amplitude gains towards the red edge of the spectrum. The second term corresponds to oscillations with frequency 2L − 4q/α with amplitude growing towards the blue edge. Both approximate formulas (22) Fig. 6 and both edges in Fig. 7 ) occurs when we get the limit of applicability of the asymptotic expansion. The turning point should be located far from the ends of grating, i.e., |L ± 2q/α| ≫ L ef f = (2π/|α|) 1/2 . Asymptotics are broken when the turning point occurs too close to the end.
The dependence on parameters α, β in Fig. 2 and 3 can also be explained by the asymptotic expressions. At fixed chirp parameter α the adiabatic parameter η = (k 0 β) 2 /2α in (20) decreases with decreasing the modulation depth β. Then reflectivity R 0 at q = 0 is relatively small and oscillations with amplitude 1−R 0 in the spectrum become noticeable. At fixed β, on the contrary, the adiabatic parameter decreases with increasing α. It is the reason of the most evident oscillation in the spectrum corresponding to the higher chirp parameter α.
Discussion
The reflectivity is maximal at k = k 0 = κ/2 = π/Λ, where Λ is the period of modulation in the middle of the grating, at z = 0. The spatial frequency of modulation θ ′ (z) = αz + κ depends on coordinate z. Then at some distance from the center the wave with k = k 0 comes out from the resonance. The dephasing occurs when θ = αz 2 /2 ∼ π, i.e., at distance z = L eff ∼ (2π/α) 1/2 . The effective number of strokes along length L eff should be large M eff = L eff /Λ = (2π/α) 1/2 Λ −1 ≫ 1. Moreover, to provide the high reflectivity it should satisfy the stricter limitation of dense grating M eff β 1. From here we get a condition for adiabatic parameter
The bandwidth of the reflection spectrum is αL, as shown in Sec. 3. The fronts of spectrum are determined by the effective length L eff . When point z 0 = 2q/α is placed outside the grating at distance ∼ L eff from the end, the reflection almost vanishes. The width of fronts is δq = αL eff = 1/L eff . The fronts are steep while L eff ≪ L, i.e., in the limit of long grating.
Phase modulation θ(z) provides the parametric resonance condition for different wavelengths. The shorter waves meet their resonance at longer distance z 0 = 2q/α, and then the group delay of blue light is more than that of red one, Fig. 4 The cavity with variable "mirror" is longer for blue spectrum and shorter for red, then the frequency of oscillations increases with q, as mentioned in paper [15] . At R 0 → 1 these oscillations are suppressed in the reflection spectrum, but remain in the group delay characteristics. If the reflectivity is not close to 1, the additional oscillations come into effect due to the "right" cavity with variable "left mirror". Their period π/(L − 2q/α) on the contrary is longer for red spectrum. These oscillations are suppressed at R 0 → 1 both in reflection spectrum and group delay characteristics.
Conclusions
Thus, the analysis of the reflection spectrum and group delay of linearly chirped grating becomes simple if the turning point z 0 = 2q/α is far from both ends of the grating compared to the effective length L eff = (2π/α) 1/2 . Formulas for reflectivity demonstrate the irregular oscillations in the reflection spectrum when the adiabatic parameter is not large. The oscillations are aperiodic and their amplitude slowly increases from the center of spectrum. The nature of the oscillations is reflection in compound cavity with a mobile middle "mirror". There are two terms in asymptotic expression. The first has a period π/(L + z 0 ) (round trip in the left sub-cavity), the second -π/(L − z 0 ) (round trip in the right sub-cavity). The oscillations in group delay characteristics have the same origin. The difference is that the right sub-cavity takes a negligible part in forming the oscillations of group delay characteristics at R 0 → 1.
The amplitude of oscillations is suppressed at high chirp parameter α even at fixed reflectivity. The conservation of high reflectivity with increasing α requires increasing parameter β. In order to suppress both oscillations one must choose as high the modulation depth as possible, but the limitation exists in fiber Bragg grating manufacturing. The alternative method to diminish the unwanted echo might be to provide the signal dephasing by apodization, i.e., smoothing the grating profile [5] .
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